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Àííîòàöèÿ

Â ðàáîòå ïðîäîëæåíî èçó÷åíèå ïðîáëåìû ãîëîìîð�íîñòè �óíêöèè,

èìåþùåé íóëåâûå êîíòóðíûå èíòåãðàëû ïî îêðóæíîñòÿì. �àññìàòðè-

âàåòñÿ ñëó÷àé, êîãäà �óíêöèÿ f çàäàíà â øàðå èç C
n
ñ ïðîêîëîòûì

öåíòðîì, à èíòåãðèðîâàíèå âåäåòñÿ ïî âñåì ñ�åðàì äâóõ �èêñèðîâàí-

íûõ ðàäèóñîâ, ëåæàùèì â ýòîì ïðîêîëîòîì øàðå D. Óñòàíîâëåíî, ÷òî

åñëè f ∈ C∞(D), òî ïðè íåêîòîðûõ óñëîâèÿõ íà ðàäèóñû è îïðåäåëåí-

íûõ ðàçìåðàõ D ìîæíî ñäåëàòü âûâîä î ãîëîìîð�íîñòè �óíêöèè f .

Ïîêàçàíî, ÷òî ýòè òðåáîâàíèÿ â îáùåì ñëó÷àå îñëàáèòü íåëüçÿ.
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Abstra
t

The paper 
ontinues to study the holomorphi
ity problem of a fun
tion

having zero 
ontour integrals over 
ir
les. The 
ase is 
onsidered when

fun
tion f is given in a ball of C
n
with a pun
tured 
enter, and integration

is 
arried out over all spheres of two �xed radii lying in this pun
tured

ball D. It is established that if f ∈ C∞(D), then under 
ertain 
onditions

for radii and 
ertain sizes of D it 
an be 
on
luded that the holomorphi
ity

of the fun
tion f . It is shown that these requirements 
annot be weakened

in the general 
ase.
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� 1. Ââåäåíèå

Ïðîáëåìà ãîëîìîð�íîñòè �óíêöèè, óäîâëåòâîðÿþùåé îïðåäåëåííûì

îãðàíè÷åíèÿì, ñâÿçàííûì ñ èíòåãðàëüíûìè ñðåäíèìè, èçó÷àëàñü ìíîãè-

ìè àâòîðàìè (ñì. [1℄�[8℄ è èìåþùèåñÿ òàì ññûëêè). Õîðîøî èçâåñòíûìè

ïðèìåðàìè òàêèõ îãðàíè÷åíèé ÿâëÿþòñÿ èíòåãðàëüíîå óñëîâèå Ìîðåðû,
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ñóùåñòâîâàíèå "àðåîëàðíûõ ïðîèçâîäíûõ çàäàííîå àñèìïòîòè÷åñêîå ïîâå-

äåíèå êðèâîëèíåéíûõ èíòåãðàëîâ, îáðàùåíèå â íóëü èíòåãðàëüíûõ ìîìåí-

òîâ è äð. Â êëàññè÷åñêèõ ðåçóëüòàòàõ óêàçàííîãî íàïðàâëåíèÿ, êàê ïðàâè-

ëî, ïðåäïîëàãàåòñÿ âûïîëíåíèå ñîîòâåòñòâóþùåãî óñëîâèÿ äëÿ äîñòàòî÷-

íî øèðîêîãî êëàññà ìíîæåñòâ èíòåãðèðîâàíèÿ (íàïðèìåð, äëÿ çàìêíóòûõ

êðèâûõ ñêîëü óãîäíî ìàëîãî äèàìåòðà, øàðîâ ëþáîãî ðàäèóñà è ò.ï.). Â ñî-

âðåìåííûõ èññëåäîâàíèÿõ ïðîèçâîë â âûáîðå ýòèõ ìíîæåñòâ ñóùåñòâåííî

îãðàíè÷åí. Â ÷àñòíîñòè, â ðÿäå ðàáîò ðàññìàòðèâàëñÿ ñëó÷àé, êîãäà ìíî-

æåñòâà èíòåãðèðîâàíèÿ êîíãðóýíòíû �èêñèðîâàííîé �èãóðå îòíîñèòåëü-

íî íåêîòîðîé ãðóïïû ïðåîáðàçîâàíèé [5℄, [6℄, [8℄�[12℄. Óêàçàííûé àñïåêò

ïðîáëåìû ãîëîìîð�íîñòè òåñíî ñâÿçàí ñ èíúåêòèâíîñòüþ èíòåãðàëüíîãî

ïðåîáðàçîâàíèÿ Ïîìïåéþ [5℄, [6℄.

Îïðåäåëåíèå 1. Ïóñòü n ≥ 2, M(n) � ãðóïïà åâêëèäîâûõ äâèæåíèé

ïðîñòðàíñòâà Rn
, A1, . . . , Am (m ≥ 1) � íàáîð êîìïàêòîâ ïîëîæèòåëüíîé

ëåáåãîâîé ìåðû â R
n
, D � îáëàñòü â R

n
, äëÿ êîòîðîé êàæäîå èç ìíîæåñòâ

GAj ,D = {g ∈ M(n) : g(Aj) ⊂ D} íå ïóñòî. Íàáîð A1, . . . , Am íàçûâàåò-

ñÿ ñåìåéñòâîì Ïîìïåéþ îòíîñèòåëüíî îáëàñòè D, åñëè âñÿêàÿ ëîêàëüíî

ñóììèðóåìàÿ �óíêöèÿ f : D → C, óäîâëåòâîðÿþùàÿ óñëîâèþ

∫

g(Aj)

f(x)dx = 0 ∀g ∈ GAj ,D, j = 1, . . . , m,

ÿâëÿåòñÿ íóëåâîé.

�ÿä äîñòàòî÷íûõ óñëîâèé äëÿ ìíîæåñòâ Ïîìïåéþ ñîäåðæèòñÿ â îáçî-

ðàõ [5℄, [13℄ è ìîíîãðà�èÿõ [6℄, [14℄. Íàïðèìåð, Ñ.À. Âèëüÿìñîì [15℄ áûëî

äîêàçàíî, ÷òî çàìûêàíèå âñÿêîãî îòêðûòîãî îãðàíè÷åííîãî ìíîæåñòâà ñî

ñâÿçíûì äîïîëíåíèåì, èìåþùåãî íå âåùåñòâåííî àíàëèòè÷åñêóþ ëèïøè-

öåâó ãðàíèöó, ÿâëÿåòñÿ ìíîæåñòâîì Ïîìïåéþ. Õîðîøî èçâåñòíî òàêæå,

÷òî äâà øàðà ñ ðàäèóñàìè r1 è r2 ÿâëÿåòñÿ ñåìåéñòâîì Ïîìïåéþ íà Rn

òîãäà è òîëüêî òîãäà, êîãäà r1/r2 íå ÿâëÿåòñÿ îòíîøåíèåì íóëåé �óíêöèè

Áåññåëÿ Jn/2 (ñì. [9℄, [11℄, à òàêæå [10℄, [12℄, [16℄, ãäå óñòàíîâëåíû ëîêàëüíûå

àíàëîãè ýòîãî ðåçóëüòàòà).

Ñëåäóþùåå óòâåðæäåíèå (ñì. [5, � 3, òåîðåìû 3.3, 3.8℄, [9℄), âûòåêà-

þùèå èç �îðìóëû Ñòîêñà, ïîêàçûâàåò ñâÿçü ìåæäó ãîëîìîð�íîñòüþ è

ñâîéñòâîì Ïîìïåéþ.

Òåîðåìà A.Ïóñòü A1, . . . ,Am � ñåìåéñòâî îáëàñòåé â Cn ≃ R2n (n ≥ 1)

ñ êóñî÷íî-ãëàäêîé ãðàíèöåé è èõ çàìûêàíèÿ A1, . . . ,Am îáëàäàþò ñâîé-
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ñòâîì Ïîìïåéþ â îáëàñòè D ⊂ C
n
. Åñëè f ∈ C1(D) è

∫

∂(g(Aj ))

f(z) Ωα(z) = 0 ïðè âñåõ g ∈ G
Aj ,D

, j ∈ {1, . . . , m}, α ∈ {1, . . . , n},

(1)

ãäå Ωα(z) = (−1)α−1dz1 ∧ . . . ∧ dzα−1 ∧ dzα+1 ∧ . . . ∧ dzn ∧ dz1 ∧ . . . ∧ dzn, òî

�óíêöèÿ f ãîëîìîð�íà â îáëàñòè D.

Èç òåîðåìû A è èçâåñòíûõ äîñòàòî÷íûõ óñëîâèé äëÿ ìíîæåñòâ Ïîì-

ïåéþ âûòåêàþò ðàçëè÷íûå óòî÷íåíèÿ êëàññè÷åñêîé òåîðåìû Ìîðåðû [5℄,

[6℄, [14℄.

Â äàííîé ðàáîòå èçó÷àåòñÿ ñëó÷àé, êîãäà D � øàð â Cn
ñ ïðîêîëîòûì

öåíòðîì, f ∈ C∞(D), à èíòåãðèðîâàíèå â (1) âåäåòñÿ ïî âñåì ñ�åðàì äâóõ

�èêñèðîâàííûõ ðàäèóñîâ, ëåæàùèì â D. Ïðè ýòîì ïåðåõîä ê òåîðåìå À

îñóùåñòâèòü íåëüçÿ ââèäó âîçìîæíîé îñîáåííîñòè ó �óíêöèè f â öåíòðå

D. Ïîêàçàíî, ÷òî ïðè íåêîòîðûõ óñëîâèÿõ íà ðàäèóñû è îïðåäåëåííûõ

ðàçìåðàõ D ìîæíî ñäåëàòü âûâîä î ãîëîìîð�íîñòè �óíêöèè f (ñì. òåîðå-

ìó 1 íèæå). Îòìåòèì, ÷òî ýòè òðåáîâàíèÿ â îáùåì ñëó÷àå îñëàáèòü íåëüçÿ

(ñì. � 2).

� 2. Ôîðìóëèðîâêà îñíîâíîãî ðåçóëüòàòà

Ïóñòü 〈z, w〉 � ýðìèòîâî ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ z, w ∈ C
n
,

|z| =
√

〈z, z〉,

B2n
a,b = {z ∈ C

n : a < |z| < b}, 0 ≤ a < b,

B2n
a (z) = {w ∈ C

n : |w − z| < a}, S2n−1
a (z) = {w ∈ C

n : |w − z| = a},

B2n
a = B2n

a (0), S2n−1
a = S2n−1

a (0).

Äëÿ n ≥ 1 ïîëîæèì En = {ξn,m/ξn,j : m, j = 1, 2, . . .}, ãäå ξn,1, ξn,2, . . . �

âîçðàñòàþùàÿ ïîñëåäîâàòåëüíîñòü âñåõ ïîëîæèòåëüíûõ íóëåé �óíêöèè

Áåññåëÿ Jn.

Âñþäó â äàëüíåéøåì, âñå �óíêöèè, îïðåäåëåííûå è íåïðåðûâíûå â

ïðîêîëîòîé îêðåñòíîñòè íóëÿ â Cn
, äîïóñêàþùèå íåïðåðûâíîå ïðîäîëæå-

íèå â òî÷êó 0, ñ÷èòàþòñÿ äîîïðåäåëåííûìè â íóëå ïî íåïðåðûâíîñòè.

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. 1) Ïóñòü n ≥ 1, 0 < r1 < r2, r1/r2 6∈ En è R ≥ r1 + r2.

Ïðåäïîëîæèì, ÷òî f ∈ C∞(B2n
0,R) è

∫

S
2n−1
rj

(w)

f(z) Ωα(z) = 0 (2)
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äëÿ âñåõ w ∈ B2n
R−rj

\S2n−1
rj

, j ∈ {1; 2}, α ∈ {1, . . . , n}. Òîãäà �óíêöèÿ f

ãîëîìîð�íà â B2n
0,R. Â ÷àñòíîñòè, åñëè n ≥ 2, òî f ãîëîìîð�íà â B2n

R .

2) åñëè r1/r2 ∈ En èëè R < r1+ r2, òî ñóùåñòâóåò íåãîëîìîð�íàÿ â B2n
0,R

�óíêöèÿ f ∈ C∞(B2n
R ), äëÿ êîòîðîé (2) âûïîëíåíî äëÿ âñåõ w ∈ B2n

R−rj
,

j ∈ {1; 2}, α ∈ {1, . . . , n}.

Ýòîò ðåçóëüòàò âëå÷åò èçâåñòíûå òåîðåìû òèïà Ìîðåðû, óñòàíîâëåí-

íûå Ë. Çàëüöìàíîì [9℄, Ä. Ñìèòîì [10℄, Ë. Áðàóíîì, Á.Ì. Øðàéáåðîì,

Á.Ì. Òåéëîðîì [11℄, Ê.À. Áåðåíñòåéíîì è �. �ýåì [12℄. Ïîëíîå ðåøåíèå

ïðîáëåìû ãîëîìîð�íîñòè �óíêöèè f ∈ C(B2
R), óäîâëåòâîðÿþùåé óñëîâèþ

∫

S1
rj
(w)

f(z) dz = 0, w ∈ B2
R−rj

, j ∈ {1; 2},

ïîëó÷åíî â [6, ÷àñòü 5℄. Â ÷àñòíîñòè, òåîðåìà 5.7 â [6, ÷àñòü 5℄ ïîêàçûâàåò,

÷òî óñëîâèå f ∈ C∞(B2n
0,R) â òåîðåìå 1 íåëüçÿ çàìåíèòü, âîîáùå ãîâîðÿ,

òðåáîâàíèåì ïðîèçâîëüíîé êîíå÷íîé ãëàäêîñòè �óíêöèè f íà B2n
R .

� 3. Îáîçíà÷åíèÿ è ïðåäâàðèòåëüíûå ñâåäåíèÿ

Êàê îáû÷íî, ñèìâîëàìè N, Z, Z+ îáîçíà÷àþòñÿ ñîîòâåòñòâåííî ìíî-

æåñòâà íàòóðàëüíûõ, öåëûõ è íåîòðèöàòåëüíûõ öåëûõ ÷èñåë. Ïóñòü ∆ �

îïåðàòîð Ëàïëàñà â C
n
, Cν

m � ìíîãî÷ëåí �åãåíáàóýðà, Tm � ìíîãî÷ëåí

×åáûøåâà ïåðâîãî ðîäà, Zν � �óíêöèÿ Áåññåëÿ Jν èëè �óíêöèÿ Íåéìàíà

Nν .

Äàëåå áóäóò ïðèìåíÿòüñÿ �îðìóëû äè��åðåíöèðîâàíèÿ

d

dt

(

tνZν(t)
)

= tνZν−1(t),
d

dt

(

t−νZν(t)
)

= −t−νZν+1(t), (3)

�îðìóëà Ëîììåëÿ-�àíêåëÿ

Jν(t)Nν+1(t)− Jν+1(t)Nν(t) = −
2

πt
, (4)

ñîîòíîøåíèÿ îðòîãîíàëüíîñòè

∫ 1

0

tJn(ξn,mt)Jn(ξn,jt)dt =

{

0, m 6= j

J2
n+1(ξn,m)/2, m = j,

(5)

àñèìïòîòè÷åñêèå ðàçëîæåíèÿ

ξn,m = π

(

m+
2n− 1

4

)

+O

(

1

m

)

, m → +∞, (6)
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Jν(t) =

√

2

πt

(

cos
(

t−
πν

2
−

π

4

)

+O
(1

t

)

)

, t → +∞, (7)

Nν(t) =

√

2

πt

(

sin
(

t−
πν

2
−

π

4

)

+O
(1

t

)

)

, t → +∞, (8)

à òàêæå ñëåäóþùèå òåîðåìû ñëîæåíèÿ �åãåíáàóýðà:

Zν

(

|z − w|
)

|z − w|ν
= 2νΓ(ν)

∞
∑

m=0

(ν+m)
Zν+m

(

|z|
)

|z|ν
Jν+m

(

|w|
)

|w|ν
Cν

m

(

Re 〈z, w〉

|z| |w|

)

, ν > 0,

(9)

Z0

(

|z − w|
)

= Z0

(

|z|
)

J0

(

|w|
)

+ 2

∞
∑

m=1

Zm

(

|z|
)

Jm

(

|w|
)

Tm

(

Re 〈z, w〉

|z| |w|

)

, (10)

Â �îðìóëàõ (9), (10) ïðåäïîëàãàåòñÿ, ÷òî z, w ∈ Cn\{0} è |z| > |w| (ñì. [17,

ãë. 7, �� 7.2.8, 7.10.4, 7.11, 7.13.1, 7.15℄).

Êðîìå òîãî, íàì ïîòðåáóåòñÿ �îðìóëà Ñòîêñà

∫

∂D

f(z) Ωα(z) =

∫

D

∂f

∂zα
dz ∧ dz (α = 1, . . . , n) (11)

è ñëåäóþùàÿ òåîðåìà î ñðåäíåì: åñëè �óíêöèÿ h íåïðåðûâíà íà îòêðûòîì

ìíîæåñòâå O ⊂ C
n
è λ ∈ C, òî ∆h = −λ2h â O òîãäà è òîëüêî òîãäà, êîãäà

∫

B2n
r (w)

h(z) dz ∧ dz =

(

4πir

λ

)n

Jn(λr)h(w) (12)

äëÿ ëþáîãî øàðà B2n
r (w), òàêîãî ÷òî B2n

r (w) ⊂ O (ñì., íàïðèìåð, [6, ÷àñòü 1,

� 7.2℄).

Ïóñòü n ≥ 2, p, q ∈ Z+, H
n,p,q

� âåêòîðíîå ïðîñòðàíñòâî âñåõ ãàðìî-

íè÷åñêèõ îäíîðîäíûõ ìíîãî÷ëåíîâ â Cn
, èìåþùèõ ïîëíóþ ñòåïåíü p ïî

ïåðåìåííûì z1, . . . , zn è ïîëíóþ ñòåïåíü q ïî ïåðåìåííûì z1, . . . , zn. Îò-

ìåòèì, ÷òî

Ap,q(z) = zp1z
q
2 ∈ Hn,p,q. (13)

Îáîçíà÷èì ÷åðåç Hn,p,q
� ïðîñòðàíñòâî ñ�åðè÷åñêèõ ãàðìîíèê áèñòåïå-

íè (p, q) íà åäèíè÷íîé ñ�åðå S2n−1
1 , ò.å. ïðîñòðàíñòâî ñóæåíèé Hn,p,q

íà

S2n−1
1 . Êàê èçâåñòíî [18, òåîðåìû 12.2.7, 12.2.8℄, êâàçèðåãóëÿðíîå ïðåä-

ñòàâëåíèå óíèòàðíîé ãðóïïû U(n) â L2(S2n−1
1 ) ÿâëÿåòñÿ ïðÿìîé ñóììîé

ïîïàðíî íåýêâèâàëåíòíûõ íåïðèâîäèìûõ óíèòàðíûõ ïðåäñòàâëåíèé, äåé-

ñòâóþùèõ íà Hn,p,q
.
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�àçìåðíîñòü d(n, p, q) ïðîñòðàíñòâà Hn,p,q
âû÷èñëÿåòñÿ ïî �îðìóëå

d(n, p, q) =
(p+ n− 2)! (q + n− 2)! (p+ q + n− 1)

p! q! (n− 1)! (n− 2)!

(ñì. [19, ãë. 12, � 12.2℄). Îáîçíà÷èì ÷åðåç {Sp,q
l }, l ∈ {1, . . . , d(n, p, q)}, �

�èêñèðîâàííûé îðòîíîðìèðîâàííûé áàçèñ â Hn,p,q
. Ôóíêöèè Sp,q

l ìîæ-

íî ïðîäîëæèòü äî ìíîãî÷ëåíîâ íà Cn
, èñïîëüçóÿ ñîîòíîøåíèå Sp,q

l (z) =

ρp+qSp,q
l (σ), ãäå ρ = |z|, σ = z/|z|.

�ÿä Ôóðüå �óíêöèè f ∈ C(B2n
a,b) ïî ñ�åðè÷åñêèì ãàðìîíèêàì áèñòåïåíè

(p, q) èìååò âèä

f(z) ∼

∞
∑

p,q=0

d(n,p,q)
∑

l=1

f p,q,l(z), z ∈ B2n
a,b, (14)

ãäå f p,q,l(z) = fp,q,l(̺)S
p,q
l (σ),

fp,q,l(̺) =

∫

S
2n−1

1

f(̺σ)Sp,q
l (σ)dσ, a < ρ < b.

Åñëè f ∈ C∞(B2n
a,b), òî ðÿä â ïðàâîé ÷àñòè (14) ñõîäèòñÿ ê f â ïðîñòðàíñòâå

C∞(B2n
a,b).

Ñëó÷àé n = 1 îáëàäàåò îïðåäåëåííîé ñïåöè�èêîé. Ïðè ýòîì áóäåì

èñïîëüçîâàòü îáû÷íûé ðÿä Ôóðüå

f(z) ∼
∞
∑

k=−∞

fk(z), (15)

ãäå fk(z) = fk(ρ)e
ikϕ

(ρ, ϕ � ïîëÿðíûå êîîðäèíàòû òî÷êè z ∈ C),

fk(ρ) =
1

2π

∫ 2π

0

f(ρeiϕ)e−ikϕdϕ. (16)

Îïðåäåëèì äè��åðåíöèàëüíûé îïåðàòîð D(m) ïî �îðìóëå

(

D(m) h
)

(̺) = h′(ρ)−
m

ρ
h(ρ) = ρm

d

dρ

(

ρ−mh(ρ)
)

, m ∈ Z. (17)

Íåòðóäíî âèäåòü, ÷òî

(∆f)p,q,l = ∆(f p,q,l), (∆f)p,q,l = D(1− 2n− p− q)D(p+ q)fp,q,l. (18)

Åñëè n = 1, òî

(∆f)k = ∆(fk), (∆f)k = D(−1− k)D(k)fk. (19)
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� 4. Èíòåãðàëû ïî ñ�åðå

Ëåììà 1. Ïóñòü λ > 0. Òîãäà:

1) åñëè n = 1, òî

∫

S1
r (w)

Zk(λρ)e
ikϕ dz = −2πirJ1(λr)Zk+1(λ|w|)e

i(k+1)argw; (20)

2) åñëè n ≥ 2, òî

∫

S
2n−1
r (w)

ρ1−nZn+p+q−1(λρ)S
p,q
l (σ) Ωα(z) =

(

4πir

λ

)n

Jn(λr)f(w), (21)

ãäå

f(z) =
Zn+p+q−1(λρ)

ρn+p+q−1

∂

∂zα

(

Sp,q
l (z)

)

−
λZn+p+q(λρ)

2ρn+p+q
zαS

p,q
l (z).

Â ðàâåíñòâàõ (20), (21) ïðåäïîëàãàåòñÿ, ÷òî w ∈ C
n
è w ∈ C

n\{B2n
r }

äëÿ Zν = Jν è Zν = Nν ñîîòâåòñòâåííî.

Äîêàçàòåëüñòâî. 1) Ôîðìóëû (19) è (3) âëåêóò ðàâåíñòâî

∆
(

Zk(λρ)e
ikϕ

)

= −λ2 Zk(λρ)e
ikϕ, z ∈ C\{0}. (22)

Â ñëó÷àå Zk = Jk ñîîòíîøåíèå (22) ñïðàâåäëèâî âñþäó íà C, ïîñêîëüêó

Jk(λρ)e
ikϕ =

ik

2π

∫ 2π

0

e−iλRe (ze−iθ)eikθdθ

(ñì., íàïðèìåð, [17, ãë. 7, � 7.3.1℄). Äàëåå, â ñèëó âòîðîé �îðìóëû â (3)

èìååì

∂

∂z

(

Zk(λρ)e
ikϕ

)

=
1

2
D(k)

(

Zk(λρ)
)

ei(k+1)ϕ = −
λ

2
Zk+1(λρ)e

i(k+1)ϕ.

Îòñþäà è èç (11), (12), (22) ïîëó÷àåì (20).

2) Êàê è âûøå, òðåáóåìîå óòâåðæäåíèå ñëåäóåò èç (11), (12) è ðàâåíñòâà

∆h = −λ2h, ãäå h(z) = ρ1−nZn+p+q−1(λρ)S
p,q
l (σ)

(ñì. (18), (3), à òàêæå [20, � 3, ëåììà 3.6℄).
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Ëåììà 2. Ïóñòü η = (η1, . . . , ηn) ∈ S2n−1
1 . Òîãäà:

1) åñëè n = 1, òî

∫

S1
r

Tm

(

Re (zη)

|z|

)

dz =

{

0, m ∈ Z+ \ {1}

πirη, m = 1
; (23)

2) åñëè n ≥ 2, òî

∫

S
2n−1
r

Cn−1
m

(

Re 〈z, η〉

|z|

)

Ωα(z) =







0, m ∈ Z+ \ {1}

(2πi)n(n− 1)r2n−1

n!
ηα, m = 1

.

(24)

Äîêàçàòåëüñòâî. 1) Ïîëàãàÿ η = eiθ, èìååì
∫

S1
r

Tm

(

Re (zη)

|z|

)

dz = ir

∫ π

−π

Tm

(

Re
(

ei(t−θ)
))

eitdt =

= ireiθ
∫ π

−π

Tm (cos t) eitdt = ireiθ
∫ π

−π

cos(mt) cos tdt.

Îòñþäà è èç îðòîãîíàëüíîñòè òðèãîíîìåòðè÷åñêîé ñèñòåìû ñëåäóåò (23).

2) Èíòåãðàë â ëåâîé ÷àñòè (24) ìîæíî çàïèñàòü â âèäå

∫

S
2n−1
r

Cn−1
m

(

Re 〈z, η〉

|z|

)

Ωα(z) =
1

rm

∫

S
2n−1
r

Hm(z)Ωα(z),

ãäå

Hm(z) = |z|mCn−1
m

(

Re 〈z, η〉

|z|

)

.

Ôóíêöèÿ Hm ÿâëÿåòñÿ îäíîðîäíûì ãàðìîíè÷åñêèì ìíîãî÷ëåíîì ñòåïåíè

m â Cn
(ñì. [17, � 11.2℄). Ïîýòîìó èç (11) è òåîðåìû î ñðåäíåì äëÿ ãàðìî-

íè÷åñêèõ �óíêöèé íàõîäèì

∫

S
2n−1
r

Cn−1
m

(

Re 〈z, η〉

|z|

)

Ωα(z) =
1

rm

∫

B2n
r

∂Hm

∂zα
dz ∧ dz =

=
(2πi)nr2n−m

n!

∂Hm

∂zα
(0).

Ýòî ñîîòíîøåíèå è ðàâåíñòâà

H1(z) = 2(n− 1)Re 〈z, η〉,
∂H1

∂zα
= (n− 1)ηα

âëåêóò (24).
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Ëåììà 3. Ïóñòü λ > 0 è w ∈ B2n
r . Òîãäà

∫

S
2n−1
r (w)

Nn−1(λ|z|)

|z|n−1
Ωα(z) = −

(

2

λ

)n−1

(2πir)nNn(λr)Jn(λ|w|)|w|
−nwα.

(25)

Äîêàçàòåëüñòâî. Ìîæíî ñ÷èòàòü, ÷òî w ∈ B2n
0,r. Åñëè n ≥ 2, òî èñïîëü-

çóÿ (9) è (24), èìååì

∫

S
2n−1
r

Nn−1(λ|z − w|)

(λ|z − w|)n−1
Ωα(z) =

(

2

λ2

)n−1

(2πir)nNn(λr)Jn(λ|w|)|w|
−nwα.

Îòñþäà ïîëó÷àåì (25) ïðè n ≥ 2. Àíàëîãè÷íî, åñëè n = 1, òî (25) ñëåäóåò

èç (10) è (23).

� 5. Êëàññ Hr(B
2n
0,R) è åãî èíâàðèàíòíûå ñâîéñòâà

Ïóñòü R > 0, r ∈ (0, R). Îáîçíà÷èì ÷åðåç Hr(B
2n
0,R) ìíîæåñòâî âñåõ

�óíêöèé f ∈ C∞(B2n
0,R), òàêèõ, ÷òî ïðè ëþáîì w ∈ B2n

R−r\S
2n−1
r âûïîëíåíû

ðàâåíñòâà

∫

S
2n−1
r (w)

f(z) Ωα(z) = 0, α = 1, . . . , n. (26)

Ïîñêîëüêó

∫

S
2n−1
r (w)

f(z) Ωα(z) =

∫

S
2n−1
r

f(z + w) Ωα(z),

êëàññ Hr(B
2n
0,R) èíâàðèàíòåí îòíîñèòåëüíî îïåðàòîðîâ

∂

∂zβ
è

∂

∂zβ
, β ∈

{1, . . . , n}.

Ëåììà 4. (i) Ïóñòü f ∈ C∞(B2
0,R). Òîãäà f ∈ Hr(B

2
0,R) â òîì è òîëüêî

òîì ñëó÷àå, êîãäà fk ∈ Hr(B
2
0,R) äëÿ ëþáîãî k ∈ Z.

(ii) Ïóñòü n ≥ 2 è f ∈ C∞(B2n
0,R). Òîãäà f ∈ Hr(B

2n
0,R) â òîì è òîëüêî òîì

ñëó÷àå, êîãäà fp,q,j(̺)S
p,q
l (σ) ∈ Hr(B

2n
0,R) äëÿ âñåõ p, q ∈ Z+, l, j ∈ {1, . . . ,

d(n, p, q)}.

Äîêàçàòåëüñòâî. (i) Èç (15) è (16) èìååì

fk(z) =
1

2π

∫ 2π

0

f(zeit)e−iktdt.

Ïîýòîìó

∫

S1
r (w)

fk(z) dz =
1

2π

∫ 2π

0

∫

S1
r (e

itw)

f(z) dz e−i(k+1)tdt.
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Îòñþäà è èç (15) ïîëó÷àåì óòâåðæäåíèå (i).

(ii) Ïîëîæèì

tp,ql,j (τ) =

∫

S
2n−1

1

Sp,q
j (τ−1σ)Sp,q

l (σ)dσ, τ ∈ U(n).

Òîãäà (ñì. [19, ïðåäëîæåíèå 12.3℄)

fp,q,j(̺)S
p,q
l (σ) = d(n, p, q)

∫

U(n)

f(τ−1z)tp,ql,j (τ) dτ,

ãäå dτ � íîðìèðîâàííàÿ ìåðà Õààðà íà ãðóïïå U(n). Ýòî ñîîòíîøåíèå

ïîêàçûâàåò, ÷òî fp,q,j(̺)S
p,q
l (σ) ∈ C∞(B2

0,R). Êðîìå òîãî,

∫

S
2n−1
r (w)

fp,q,j(̺)S
p,q
l (σ) Ωα(z) = d(n, p, q)

∫

U(n)

∫

S
2n−1
r (τ−1w)

f(z)Ωα(τz)t
p,q
l,j (τ) dτ

= d(n, p, q)

n
∑

β=1

∫

U(n)

aβα

∫

S
2n−1
r (τ−1w)

f(z) Ωβ(z) t
p,q
l,j (τ) dτ, (27)

ãäå (a1α, . . . , anα) � α-ñòðîêà ìàòðèöû τ â ñòàíäàðòíîì áàçèñå Cn
. Îòñþäà

è èç (14) ïîëó÷àåì óòâåðæäåíèå (ii).

Ëåììà 5. (i) Åñëè h(ρ)eikϕ ∈ Hr(B
2
0,R), òî �óíêöèè

(

D(−k) h
)

(̺)ei(k−1)ϕ
è

(

D(k) h
)

(̺)ei(k+1)ϕ

òàêæå ïðèíàäëåæàò êëàññó Hr(B
2
0,R).

(ii) Ïóñòü n ≥ 2 è h(ρ)Sp,q
l (σ) ∈ Hr(B

2n
0,R). Òîãäà:

1)

(

D(2 − 2n − p − q) h
)

(̺)Sp−1,q
j (σ) ∈ Hr(B

2n
0,R), åñëè p ≥ 1, j ∈ {1, . . . ,

d(n, p− 1, q)};

2)

(

D(2 − 2n − p − q) h
)

(̺)Sp,q−1
j (σ) ∈ Hr(B

2n
0,R), åñëè q ≥ 1, j ∈ {1, . . . ,

d(n, p, q − 1)};

3)

(

D(p+ q) h
)

(̺)Sp+1,q
j (σ) ∈ Hr(B

2n
0,R) äëÿ ëþáîãî j ∈ {1, . . . , d(n, p+1, q)};

4)

(

D(p+ q) h
)

(̺)Sp,q+1
j (σ) ∈ Hr(B

2n
0,R) äëÿ ëþáîãî j ∈ {1, . . . , d(n, p, q+1)}.

Äîêàçàòåëüñòâî. Óòâåðæäåíèå (i) ñëåäóåò èç ðàâåíñòâ

2
∂

∂z

(

h(ρ)eikϕ
)

=
(

D(−k) h
)

(̺)ei(k−1)ϕ, 2
∂

∂z

(

h(ρ)eikϕ
)

=
(

D(k) h
)

(̺)ei(k+1)ϕ.

Äîêàæåì (ii). Ïîëîæèì

f(z) =
h(ρ)

ρp+q
Ap,q(z), A(z) = z1Ap,q(z)−

ρ2

n+ p+ q − 1

∂Ap,q

∂z1
,
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ãäå ìíîãî÷ëåí Ap,q îïðåäåëÿåòñÿ ðàâåíñòâîì (13). Èç óñëîâèÿ è ëåììû 4 (ii)

ñëåäóåò, ÷òî f ∈ Hr(B
2n
0,R). Â ñèëó èíâàðèàíòíîñòè êëàññà Hr(B

2n
0,R) îòíîñè-

òåëüíî äè��åðåíöèðîâàíèé �óíêöèè

2
∂f

∂z1
=

p

n+ p+ q − 1

(

D(2−2n−p−q) h
)

(̺)Ap−1,q(σ)+
(

D(p+q) h
)

(̺)A(σ),

(28)

2
∂f

∂z1
=

(

D(p+ q) h
)

(̺)Ap+1,q(σ) (29)

òàêæå ïðèíàäëåæàò Hr(B
2n
0,R). Ó÷èòûâàÿ, ÷òî

A(σ) ∈
⊕

m1+m2=p+q+1

Hn,m1,m2

(ñì. [21, ãë. 9, � 2, ï. 3, �îðìóëà (5)℄, [18, ãë. 12, � 12.2, ïðåäëîæåíèå 12.2.2℄),

èç (28), (29) è ëåììû 4 (ii) ïîëó÷àåì óòâåðæäåíèÿ 1), 3). Óòâåðæäåíèÿ 2)

è 4) äîêàçûâàþòñÿ àíàëîãè÷íî.

� 6. Îïèñàíèå Hr(B
2n
0,R) ïðè R > 2r

Ñíà÷àëà ðàññìîòðèì ñëó÷àé n = 1.

Ëåììà 6. Ïóñòü 0 ≤ a < b, 0 < r < (b− a)/2, f ∈ C∞(B2
a,b). Òîãäà äëÿ

òîãî, ÷òîáû

∫

S1
r (w)

f(z) dz = 0 íà B2
a+r,b−r, (30)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ïðè âñåõ k ∈ Z èìåëî ìåñòî ðàâåíñòâî

fk(ρ) = akρ
k +

∞
∑

m=1

bm,kJk

(ξ1,m
r

ρ
)

+ cm,kNk

(ξ1,m
r

ρ
)

, a < ρ < b, (31)

ãäå ak, bm,k, cm,k ∈ C è |bm,k| + |cm,k| = O
(

ξ−s
1,m

)

ïðè m → ∞ äëÿ ëþáîãî

s > 0.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî �óíêöèÿ f óäîâëåòâîðÿåò óñëî-

âèþ (30). Òîãäà â ñèëó (11) åå ïðîèçâîäíàÿ

∂f

∂z
èìååò íóëåâûå èíòåãðàëû

ïî âñåì çàìêíóòûì êðóãàì ðàäèóñà r, ëåæàùèì â B2
a,b. Ïîýòîìó ïðè âñåõ

k ∈ Z

(

∂f

∂z

)

k

(ρ) =

∞
∑

m=1

αm,kJk

(ξ1,m
r

ρ
)

+ βm,kNk

(ξ1,m
r

ρ
)

, a < ρ < b,
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ãäå αm,k, βm,k ∈ C è |αm,k|+ |βm,k| = O
(

ξ−s
1,m

)

ïðè m → ∞ äëÿ ëþáîãî s > 0

(ñì. [22, òåîðåìà 3℄). Ó÷èòûâàÿ, ÷òî

(

∂f

∂z

)

k

(ρ) =
ρk−1

2

d

dρ

(

ρ1−kfk−1(ρ)
)

,

ïðèõîäèì ê ðàçëîæåíèþ

d

dρ

(

ρ−kfk(ρ)
)

= 2ρ−k

∞
∑

m=1

αm,k+1Jk+1

(ξ1,m
r

ρ
)

+βm,k+1Nk+1

(ξ1,m
r

ρ
)

, a < ρ < b.

Îòñþäà è èç (3), (6)�(8) íàõîäèì

fk(ρ) = akρ
k −

∞
∑

m=1

2r

ξ1,m

(

αm,k+1Jk

(ξ1,m
r

ρ
)

+ βm,k+1Nk

(ξ1,m
r

ρ
)

)

.

Òåì ñàìûì ðàçëîæåíèå (31) äîêàçàíî. Îáðàòíî, åñëè êîìïîíåíòû fk �óíê-

öèè f èìåþò âèä (31), òî èç (20) çàêëþ÷àåì, ÷òî ïðè âñåõ k ∈ Z
∫

S1
r (w)

fk(z) dz = 0, w ∈ B2
a+r,b−r.

Ñëåäîâàòåëüíî, �óíêöèÿ f óäîâëåòâîðÿåò óñëîâèþ (30).

Ëåììà 7. Ïóñòü R > 2r, k ∈ Z, a, b ∈ C. Òîãäà:

(i) zk ∈ Hr(B
2
0,R) ⇔ k = 0;

(ii) zzk 6∈ Hr(B
2
0,R);

(iii) az + bz−1 ∈ Hr(B
2
0,R) ⇔ a = 0, b = 0.

Äîêàçàòåëüñòâî. Ïóñòü w ∈ B2
r,R−r. Èñïîëüçóÿ (11) è òåîðåìó î ñðåä-

íåì äëÿ ãàðìîíè÷åñêèõ �óíêöèé, íàõîäèì

∫

S1
r (w)

zkdz = k

∫

B2
r(w)

zk−1dz ∧ dz = 2πik r2wk−1,

∫

S1
r (w)

zzkdz =

∫

B2
r(w)

zkdz ∧ dz = 2πi r2wk,

∫

S1
r (w)

(az + bz−1)dz = 2πia r2.

Èç ïåðâûõ äâóõ ðàâåíñòâ è îïðåäåëåíèÿ êëàññà Hr(B
2
0,R) ñðàçó ñëåäóþò

óòâåðæäåíèÿ (i) è (ii). Äëÿ äîêàçàòåëüñòâà (iii) äîñòàòî÷íî âîñïîëüçîâàòü-

ñÿ òðåòüèì ðàâåíñòâîì è ñîîòíîøåíèåì

∫

S1
r (w)

bz−1dz = 2πib, w ∈ B2
r .

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 40-61

Mat. Trudy, 2024, vol. 27, no. 2, pp. 40-61



53 Âîë÷êîâà Í. Ï., Âîë÷êîâ Â. Â.

Ëåììà 8. Ïóñòü R > 2r è f(z) = f0(ρ) ∈ Hr(B
2
0,R). Òîãäà

f0(ρ) = a0 +
∞
∑

m=1

amJ0

(ξ1,m
r

ρ
)

, 0 < ρ < R, (32)

ãäå a0, am ∈ C è am = O
(

ξ−s
1,m

)

ïðè m → ∞ äëÿ ëþáîãî s > 0.

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ ëåììó 6 ïðè a = 0, b = R, èìååì

f0(ρ) = a0 +

∞
∑

m=1

amJ0

(ξ1,m
r

ρ
)

+ bmN0

(ξ1,m
r

ρ
)

, 0 < ρ < R,

ãäå a0, am, bm ∈ C è |am| + |bm| = O
(

ξ−s
1,m

)

ïðè m → ∞ äëÿ ëþáîãî s > 0.

Èñïîëüçóåì òåïåðü óñëîâèå

∫

S1
r (w)

f(z) dz = 0, w ∈ B2
r .

Ïîëàãàÿ t = |w|/r, ñ ó÷åòîì (6)�(8), (20) è (25) íàõîäèì

∞
∑

m=1

bmN1(ξ1,m)J1(ξ1,mt) = 0, 0 < t < 1. (33)

Îòñþäà è èç ñîîòíîøåíèé îðòîãîíàëüíîñòè (5) ñëåäóåò, ÷òî bmN1(ξ1,m) = 0,

m ∈ N. Òîãäà âñå bm ðàâíû íóëþ (ñì. (4)). Òåì ñàìûì ðàçëîæåíèå (32)

äîêàçàíî.

Òåîðåìà 2. Ïóñòü R > 2r, f ∈ C∞(B2
0,R). Òîãäà äëÿ òîãî, ÷òîáû

f ∈ Hr(B
2
0,R), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ ëþáûõ k ∈ Z èìåëî

ìåñòî ðàâåíñòâî

fk(ρ) = akρ
k +

∞
∑

m=1

bm,kJk

(ξ1,m
r

ρ
)

, 0 < ρ < R, (34)

ãäå ak, bm,k ∈ C, a−1 = 0 è bm,k = O
(

ξ−s
1,m

)

ïðè m → ∞ äëÿ ëþáîãî s > 0.

Äîêàçàòåëüñòâî. Åñëè f ∈ C∞(B2
0,R) è âûïîëíåíî ðàçëîæåíèå (34),

òî âñå fk
ïðèíàäëåæàò êëàññó Hr(B

2
0,R) (ñì. (6), (7), (20)). Ïîýòîìó f ∈

Hr(B
2
0,R).

Äàëåå, äîêàæåì èíäóêöèåé, ÷òî åñëè íåêîòîðàÿ �óíêöèÿ h(ρ)eikϕ ïðè-

íàäëåæèò êëàññó Hr(B
2
0,R), òî h ìîæíî ïðåäñòàâèòü ðÿäîì âèäà (34). Â

ñëó÷àå k = 0 ýòî óòâåðæäåíèå ñëåäóåò èç ëåììû 8. Ïðåäïîëîæèì, ÷òî
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îíî ñïðàâåäëèâî ïðè íåêîòîðîì k ≥ 0 è óñòàíîâèì åãî äëÿ k + 1. Ïóñòü

h(ρ)ei(k+1)ϕ ∈ Hr(B
2
0,R). Òîãäà â ñèëó ëåììû 5 (i),

ρ−k−1 d

dρ

(

ρk+1h(ρ)
)

= akρ
k +

∞
∑

m=1

bm,kJk

(ξ1,m
r

ρ
)

.

Îòñþäà íàõîäèì (ñì. (3))

h(ρ) =
ak

2k + 2
ρk+1 + ckρ

−k−1 + r
∞
∑

m=1

bm,k

ξ1,m
Jk+1

(ξ1,m
r

ρ
)

,

ãäå ck ∈ C. Ýòî ïðåäñòàâëåíèå, ñîîòíîøåíèå (20) è ëåììà 7 (i) âëåêóò

ðàâåíñòâî ck = 0, êîòîðîå çàâåðøàåò èíäóêöèîííûé ïåðåõîä îò k ê k + 1

ïðè k ≥ 0. Àíàëîãè÷íî óñòàíàâëèâàåòñÿ ñïðàâåäëèâîñòü èíäóêöèîííîãî

ïåðåõîäà îò k ê k − 1 ïðè k ≤ 0 (ñì. ëåììó 5 (i) è ëåììó 7 (ii) (iii)), ÷òî è

òðåáîâàëîñü.

Òåïåðü èç ëåììû 4 (i) ïîëó÷àåì (34) äëÿ f ∈ Hr(B
2
0,R). Òàêèì îáðàçîì,

òåîðåìà 2 äîêàçàíà.

Ïåðåéäåì òåïåðü ê ñëó÷àþ n ≥ 2.

Ëåììà 9. Ïóñòü n ≥ 2, 0 ≤ a < b, 0 < r < (b − a)/2 è f ∈ C∞(B2n
a,b).

Òîãäà äëÿ òîãî ÷òîáû óñëîâèå (26) âûïîëíÿëîñü äëÿ w ∈ B2n
a+r,b−r, íåîáõî-

äèìî è äîñòàòî÷íî, ÷òîáû ïðè âñåõ p, q ∈ Z+, l ∈ {1, . . . , d(n, p, q)} èìåëî

ìåñòî ðàâåíñòâî

fp,q,l(ρ) = ap,q,lρ
p+q + ρ1−n

∞
∑

m=1

bm,p,q,lJn+p+q−1

(ξn,m
r

ρ
)

+

+cm,p,q,lNn+p+q−1

(ξn,m
r

ρ
)

, a < ρ < b, (35)

ãäå ap,q,l, bm,p,q,l, cm,p,q,l ∈ C, ap,q,l = 0 ïðè q ≥ 1 è |bm,p,q,l|+ |cm,p,q,l| = O
(

ξ−s
n,m

)

ïðè m → ∞ äëÿ ëþáîãî s > 0.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì, ÷òî f ∈ C∞(B2n
a,b) è äëÿ ëþáîãî w ∈

B2n
a+r,b−r âûïîëíåíû ðàâåíñòâà (26). Òîãäà ýòî æå ñïðàâåäëèâî è äëÿ âñåõ

�óíêöèé fp,q,l(ρ)Ap,q(σ) (ñì. (27)). Îòñþäà è èç (11) ñëåäóåò, ÷òî �óíêöèÿ

∂f

∂z1

(

fp,q,l(ρ)Ap,q(σ)
)

=
1

2

(

D(p+ q) fp,q,l
)

(̺)Ap+1,q(σ)
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èìååò íóëåâûå èíòåãðàëû ïî âñåì çàìêíóòûì øàðàì ðàäèóñà r, ëåæàùèì

â B2n
a,b. Òåïåðü, ïîâòîðÿÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâà ëåììû 6, ïîëó-

÷àåì (35), ãäå ap,q,l, bm,p,q,l, cm,p,q,l ∈ C è |bm,p,q,l| + |cm,p,q,l| = O
(

ξ−s
n,m

)

ïðè

m → ∞ äëÿ ëþáîãî s > 0. Ó÷èòûâàÿ, ÷òî
∫

S
2n−1
r (w)

Ap,q(z) Ω2(z) =

∫

B2n
r (w)

∂Ap,q

∂z2
dz ∧ dz =

=
(2πir2)n

n!

∂Ap,q

∂z2
(w) = q

(2πir2)n

n!
Ap,q−1(w) (36)

è èñïîëüçóÿ (21), ïðèõîäèì ê ðàâåíñòâó qap,q,l = 0. Äîñòàòî÷íîñòü â ëåììå

ñëåäóåò èç (21) è (14).

Ëåììà 10. Ïóñòü n ≥ 2, R > 2r, a, b ∈ C è f(z) = (aρp+q +

bρ2−2n−p−q)Sp,q
l (σ). Òîãäà f ∈ Hr(B

2n
0,R) ëèøü â ñëó÷àå, êîãäà aq = 0, b = 0.

Äîêàçàòåëüñòâî. Ïóñòü w ∈ B2n
r,R−r. Åñëè f ∈ Hr(B

2n
0,R), òî ïî ëåì-

ìå 4 (ii) �óíêöèÿ

F (z) = (a+ b|z|2(1−n−p−q))Ap,q(z)

òàêæå ïðèíàäëåæèò Hr(B
2n
0,R) (ñì. (13)). Ïðè ýòîì ðàâåíñòâà (17), (18)

ïîêàçûâàþò, ÷òî F ÿâëÿåòñÿ ãàðìîíè÷åñêîé âíå íóëÿ. Ïîýòîìó èñïîëü-

çóÿ (11) è òåîðåìó î ñðåäíåì äëÿ ãàðìîíè÷åñêèõ �óíêöèé, èìååì

0 =

∫

S
2n−1
r (w)

F (z) Ω1(z) =

∫

B2n
r (w)

∂F

∂z1
dz ∧ dz =

=
(2πir2)n

n!

∂F

∂z1
(w) = b(1− n− p− q)

(2πir2)n

n!

Ap+1,q(w)

|w|2(n+p+q)
.

Ñëåäîâàòåëüíî, b = 0 è, çíà÷èò, F (z) = aAp,q(z). Òåïåðü èç óñëîâèÿ
∫

S
2n−1
r (w)

F (z) Ω2(z) = 0

íàõîäèì aq = 0 (ñì. (36)). Îáðàòíî, åñëè aq = 0 è b = 0, òî �óíêöèÿ f

ãîëîìîð�íà íà Cn
è óäîâëåòâîðÿåò (26) äëÿ âñåõ w ∈ Cn

è r > 0.

Òåîðåìà 3. Ïóñòü n ≥ 2, R > 2r, f ∈ C∞(B2n
0,R). Òîãäà äëÿ òîãî,

÷òîáû f ∈ Hr(B
2n
0,R), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû äëÿ âñåõ p, q ∈ Z+,

l ∈ {1, . . . , d(n, p, q)} èìåëî ìåñòî ðàâåíñòâî

fp,q,l(ρ) = ap,q,lρ
p+q + ρ1−n

∞
∑

m=1

bm,p,q,lJn+p+q−1

(ξn,m
r

ρ
)

, 0 < ρ < R,
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ãäå ap,q,l, bm,p,q,l ∈ C, ap,q,l = 0 ïðè q ≥ 1 è bm,p,q,l = O
(

ξ−s
n,m

)

ïðè m → ∞ äëÿ

ëþáîãî s > 0.

Äîêàçàòåëüñòâî. Òðåáóåìîå óòâåðæäåíèå ïîëó÷àåòñÿ ïîâòîðåíèåì ðàñ-

ñóæäåíèé èç ëåììû 8 è òåîðåìû 2. Ïðè ýòîì èñïîëüçóþòñÿ ñîîòíîøå-

íèÿ (21), (25), à òàêæå ëåììà 4 (ii), ëåììà 5 (ii) è ëåììû 9, 10 âìåñòî

ñîîòâåòñòâóþùèõ îäíîìåðíûõ ðåçóëüòàòîâ.

� 7. Äîêàçàòåëüñòâî òåîðåìû 1

1) Ïóñòü âûïîëíåíû óñëîâèÿ ïåðâîãî óòâåðæäåíèÿ òåîðåìû 1 è n = 1.

Òîãäà â ñèëó ëåììû 4 (i) �óíêöèÿ f 0
ïðèíàäëåæèò êëàññó (Hr1∩Hr2)(B

2
0,R).

Ïîñêîëüêó R > 2r1, ëåììà 8 âëå÷åò ðàçëîæåíèå

f0(ρ) = a0 +

∞
∑

m=1

amJ0

(ξ1,m
r1

ρ
)

, 0 < ρ < R,

ãäå a0, am ∈ C è am = O
(

ξ−s
1,m

)

ïðè m → ∞ äëÿ ëþáîãî s > 0. Èñïîëüçóÿ

óñëîâèÿ R ≥ r1 + r2 è f 0 ∈ Hr2(B
2
0,R), ñ ó÷åòîì (20) íàõîäèì

∞
∑

m=1

amJ1

(

r2ξ1,m
r1

)

J1 (ξ1,mt) = 0, 0 < t < 1.

Êàê è â ëåììå 8, îòñþäà èìååì

amJ1

(

r2ξ1,m
r1

)

= 0, m ∈ N.

Ýòî ñîîòíîøåíèå è óñëîâèå r1/r2 6∈ E1 ïîêàçûâàþò, ÷òî am = 0 ïðè âñåõ

m ∈ N, ò.å. f0(ρ) = a0. Òåïåðü, ïîâòîðÿÿ ðàññóæäåíèÿ â äîêàçàòåëüñòâå

òåîðåìû 2, ïðèõîäèì ê ðàâåíñòâàì

fk(ρ) = akρ
k, 0 < ρ < R, k ∈ Z,

ãäå ak ∈ C è a−1 = 0. Ïîýòîìó �óíêöèÿ f ãîëîìîð�íà â B2
0,R.

Â ñëó÷àå n ≥ 2 àíàëîãè÷íî ïîëó÷àåì (ñì. äîêàçàòåëüñòâî òåîðåìû 3),

÷òî äëÿ âñåõ êîý��èöèåíòîâ fp,q,l ñïðàâåäëèâî ïðåäñòàâëåíèå

fp,q,l(ρ) = ap,q,lρ
p+q, 0 < ρ < R,

ãäå ap,q,l ∈ C è ap,q,l = 0 ïðè q ≥ 1. Òîãäà �óíêöèÿ f ÿâëÿåòñÿ ãîëîìîð�íîé

â B2n
R (ñì. (14) è [23, ãë. 3, � 11, òåîðåìà 3℄).
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2) Ïóñòü r1/r2 ∈ En èëè R < r1 + r2. Òîãäà èç äîêàçàòåëüñòâ óòâåðæäå-

íèé 6) è 7) òåîðåìû 1 â [16℄ âèäíî, ÷òî ñóùåñòâóåò íåíóëåâàÿ ðàäèàëüíàÿ

�óíêöèÿ f ∈ C∞(B2n
R ), òàêàÿ ÷òî

∫

B2n
rj

f(z + w) dz ∧ dz = 0, w ∈ B2n
R−rj

, j ∈ {1; 2}.

Îòñþäà è èç (11) çàêëþ÷àåì, ÷òî f óäîâëåòâîðÿåò (2) äëÿ ëþáûõ w ∈

B2n
R−rj

, j ∈ {1; 2}, α ∈ {1, . . . , n}. Ïðè ýòîì f íå ÿâëÿåòñÿ ãîëîìîð�íîé

â B2n
0,R ïîñêîëüêó íå ìîæåò áûòü êîíñòàíòîé. Òàêèì îáðàçîì, òåîðåìà 1

ïîëíîñòüþ äîêàçàíà.

Ñïèñîê ëèòåðàòóðû

1. Ôåäîðîâ Â. Ñ. Îá îäíîì ñâîéñòâå êðèâîëèíåéíûõ èíòåãðàëîâ // Ìà-

òåì. ñá. 1949. Ò. 66, �1. Ñ. 15�26.

2. Reade M. O. A theorem of F�edoro� // Duke Math. J. 1951. V. 18. P. 105�

109.

3. Àéçåíáåðã Ë. À. Çàìå÷àíèå î òåîðåìå Ìîðåðà // �îëîìîð�íûå �óíê-

öèè ìíîãèõ êîìïëåêñíûõ ïåðåìåííûõ / Êðàñíîÿðñê: ÈÔ ÑÎ ÀÍ

ÑÑÑ�, 1972.

4. Bondar A. V. A generalization of the multidimensionalMorera theorem //

Ukr. Math. J.1978. V. 30, N 3, P. 265�269.

5. Áåðåíñòåéí Ê. À., Ñòðóïïà Ä. Êîìïëåêñíûé àíàëèç è óðàâíåíèÿ â

ñâ¼ðòêàõ // Ñîâðåìåííûå ïðîáëåìû ìàòåìåìàòèêè. Ôóíäàìåíòàëü-

íûå íàïðàâëåíèÿ / Èòîãè íàóêè è òåõíèêè. Ì.: ÂÈÍÈÒÈ, 1989. Ò. 54.

6. Vol
hkov V. V. Integral Geometry and Convolution Equations /

Dordre
ht: Kluwer, 2003.

7. Myslivets S. G.On the multidimensional boundary analogue of the Morera

theorem // J. Sib. Fed. Univ. Math. Phys. 2022. V. 15, N 1. P. 29�45.

8. Vol
hkov V. V. and Vol
hkov Vit. V. Zal
man's problem and related two-

radii theorems // Anal. Math. Phys. 2023. V. 13, N 5. P. 1�47.

9. Zal
man L. Analyti
ity and the Pompeiu problem // Ar
h. Rat. Me
h.

Anal. 1972. V. 47. P. 237�254.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 40-61

Mat. Trudy, 2024, vol. 27, no. 2, pp. 40-61



Õàðàêòåðèçàöèÿ ãîëîìîð�íûõ �óíêöèé 58

10. Smith J. D. Harmoni
 analysis of s
alar and ve
tor �elds in R
n
// Pro
.

Cambridge Philos. So
. 1972. V. 72. P. 403�416.

11. Brown L., S
hreiber B. M. and Taylor B. M. Spe
tral synthesis and the

Pompeiu problem // Ann. Inst. Fourier. 1973. V. 23. P. 125�154.

12. Berenstein C. A. and Gay R. A lo
al version of the two-
ir
les theorem //

Israel J. Math. 1986. V. 55. P. 267�288.

13. Zal
man L. A bibliographi
 survey of the Pompeiu problem //

Approximation by Solutions of Partial Di�erential Equations / Dordre
ht:

Kluwer, 1992. V. 365.

14. Vol
hkov V. V. and Vol
hkov Vit. V. O�beat Integral Geometry on

Symmetri
 Spa
es / Basel: Birkh�auser, 2013.

15. Williams S. A. Analyti
ity of the boundary for Lips
hitz domains without

the Pompeiu property // Indiana Univ. Math. J. 1981. V. 30. P. 357�369.

16. Âîë÷êîâ Â. Â. Îêîí÷àòåëüíûé âàðèàíò ëîêàëüíîé òåîðåìû î äâóõ

ðàäèóñàõ // Ìàòåì. ñá. 1995. Ò. 186, �6. Ñ. 15�34.

17. Áåéòìåí �., Ýðäåéè À. Âûñøèå òðàíñöåíäåíòíûå �óíêöèè / Ì.: Íà-

óêà, 1974. Ò. II.

18. �óäèí Ó. Òåîðèÿ �óíêöèé â åäèíè÷íîì øàðå èç Cn
/ Ì.: Ìèð, 1984.

19. Vol
hkov V. V. and Vol
hkov Vit. V. Harmoni
 Analysis of Mean Periodi


Fun
tions on Symmetri
 Spa
es and the Heisenberg Group / London:

Springer, 2009.

20. Õåëãàñîí Ñ. �ðóïïû è ãåîìåòðè÷åñêèé àíàëèç / Ì.: Ìèð, 1987.

21. Âèëåíêèí Í. ß. Ñïåöèàëüíûå �óíêöèè è òåîðèÿ ïðåäñòàâëåíèé

ãðóïï / 2-å èçä. Ì.: Íàóêà, 1991.

22. Âîë÷êîâ Â. Â. �åøåíèå ïðîáëåìû íîñèòåëÿ äëÿ íåêîòîðûõ êëàññîâ

�óíêöèé // Ìàòåì. ñá. 1997. Ò. 188, �9. Ñ. 13�30.

23. Øàáàò Á. Â. Ââåäåíèå â êîìïëåêñíûé àíàëèç / ×àñòü II. Ì.: Íàóêà,

1985.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 40-61

Mat. Trudy, 2024, vol. 27, no. 2, pp. 40-61



59 Âîë÷êîâà Í. Ï., Âîë÷êîâ Â. Â.

Referen
es

1. Fedorov V. S. On a property of line integrals // Mat. Sbornik N.S. 1949.

V. 24(66), P. 15�26.

2. Reade M. O. A theorem of F�edoro� // Duke Math. J. 1951. V. 18. P. 105�

109.

3. Aizenberg L. A. A note on Morera's theorem // Holomorphi
 fun
tions

of many 
omplex variables / Krasnoyarsk: Kirensky Institute of Physi
s,

Siberian Bran
h of USSR A
ademy of S
ien
es, 1972.

4. Bondar A. V. A generalization of the multidimensionalMorera theorem //

Ukr. Math. J.1978. V. 30, N 3, P. 265�269.

5. Berenstein C. A., Struppa D. C. Complex analysis and 
onvolution

equations // Several 
omplex variables. V: Complex analysis in partial

di�erential equations and mathemati
al physi
s, 1993. V. 54, P. 1�108.

6. Vol
hkov V. V. Integral Geometry and Convolution Equations /

Dordre
ht: Kluwer, 2003.

7. Myslivets S. G.On the multidimensional boundary analogue of the Morera

theorem // J. Sib. Fed. Univ. Math. Phys. 2022. V. 15, N 1. P. 29�45.

8. Vol
hkov V. V. and Vol
hkov Vit. V. Zal
man's problem and related two-

radii theorems // Anal. Math. Phys. 2023. V. 13, N 5. P. 1�47.

9. Zal
man L. Analyti
ity and the Pompeiu problem // Ar
h. Rat. Me
h.

Anal. 1972. V. 47. P. 237�254.

10. Smith J. D. Harmoni
 analysis of s
alar and ve
tor �elds in Rn
// Pro
.

Cambridge Philos. So
. 1972. V. 72. P. 403�416.

11. Brown L., S
hreiber B. M. and Taylor B. M. Spe
tral synthesis and the

Pompeiu problem // Ann. Inst. Fourier. 1973. V. 23. P. 125�154.

12. Berenstein C. A. and Gay R. A lo
al version of the two-
ir
les theorem //

Israel J. Math. 1986. V. 55. P. 267�288.

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 40-61

Mat. Trudy, 2024, vol. 27, no. 2, pp. 40-61



Õàðàêòåðèçàöèÿ ãîëîìîð�íûõ �óíêöèé 60

13. Zal
man L. A bibliographi
 survey of the Pompeiu problem //

Approximation by Solutions of Partial Di�erential Equations / Dordre
ht:

Kluwer, 1992. V. 365.

14. Vol
hkov V. V. and Vol
hkov Vit. V. O�beat Integral Geometry on

Symmetri
 Spa
es / Basel: Birkh�auser, 2013.

15. Williams S. A. Analyti
ity of the boundary for Lips
hitz domains without

the Pompeiu property // Indiana Univ. Math. J. 1981. V. 30. P. 357�369.

16. Vol
hkov V. V. A de�nitive version of the lo
al two-radii theorem // Sb.

Math. 1995. V. 186. N 6. P. 783�802.

17. Erd�elyi A., Magnus W., Oberhettinger F., and Tri
omi F. G. Higher

Trans
endental Fun
tions, Vol. II. / New York: M
Graw-Hill, 1953.

18. Rudin W. Fun
tion Theory in the Unit Ball of C
n
/ New York: Springer,

1980.

19. Vol
hkov V. V. and Vol
hkov Vit. V. Harmoni
 Analysis of Mean Periodi


Fun
tions on Symmetri
 Spa
es and the Heisenberg Group / London:

Springer, 2009.

20. Helgason S. Groups and Geometri
 Analysis / New York: A
ademi
 Press,

1984.

21. Vilenkin N. Ja. Spe
ial Fun
tions and the Theory of Group

Representations /RI: AMS, 1968.

22. Vol
hkov V. V. Solution of the support problem for several fun
tion


lasses // Sb. Math. 1997. V. 188. N 9. P. 1279�1294.

23. Shabat B. V. Introdu
tion to Complex Analysis: Fun
tions of Several

Variables / RI: AMS, 1992.

Èí�îðìàöèÿ îá àâòîðàõ

Íàòàëüÿ Ïåòðîâíà Âîë÷êîâà, êàíäèäàò �èçèêî-ìàòåìàòè÷åñêèõ

íàóê, äîöåíò

SPIN 3469-6807 AuthorID: 852012

S
opus Author ID 6506115527

Âèòàëèé Âëàäèìèðîâè÷ Âîë÷êîâ, äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ

íàóê, ïðî�åññîð

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 40-61

Mat. Trudy, 2024, vol. 27, no. 2, pp. 40-61



61 Âîë÷êîâà Í. Ï., Âîë÷êîâ Â. Â.

SPIN 4478-1677 AuthorID: 505219

S
opus Author ID 7006247848

Author Information

Natalya P. Vol
hkova, Candidate of Physi
al and Mathemati
al S
ien
es,

Asso
iate Professor

SPIN 3469-6807 AuthorID: 852012

S
opus Author ID 6506115527

Vitalii V. Vol
hkov, Do
tor of Physi
al and Mathemati
al S
ien
es, Professor

SPIN 4478-1677 AuthorID: 505219

S
opus Author ID 7006247848

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 30.01.2024;

îäîáðåíà ïîñëå ðåöåíçèðîâàíèÿ 20.04.2024; ïðèíÿòà ê ïóáëèêàöèè

17.05.2024

The arti
le was submitted 30.01.2024;

approved after reviewing 20.04.2024; a

epted for publi
ation 17.05.2024

ISSN 1560-750X

Ìàòåìàòè÷åñêèå òðóäû, 2024, Òîì 27, � 2, C. 40-61

Mat. Trudy, 2024, vol. 27, no. 2, pp. 40-61


